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126 On the value of Reversionary Annuities [July 

On the value of Reversionary Annuities payable half-yearly, 
quarterly, 8fc, according to the conditions which prevail in 
practice. By Thomas Bond Sprague, M.A., Vice-President 
of the Institute of Actuaries. 

[Read before the Institute, 26th April, 1869.] 

1 HE ordinary formula for the value of a reversionary annuity, 
a x —a xy , is not strictly applicable to the cases which occur in 
practice. For it assumes that the first payment of the annuity is 
made at the end of the year in which y dies, and the last payment 
at the end of the year before that in which x dies. But the 
conditions which prevail in practice are different ; for whenever a 
reversionary annuity is granted, it will run from the death of y, 
and the first payment will be made twelve months after that death, 
i. <?., on the average, six months later than is assumed in the above 
formula. On the other hand, the reversionary annuity will in 
practice be payable up to the day of the death of x ; or, on the 
average, a full year's payment will be made six months later than 
the last payment is made according to the above formula. Hence 
we may say that in the reversionary annuity of practice, exactly 
the same payments are made, on the average, as in the theoretical 
annuity ; but that each of them is made six months later in the 
one case than in the other ; and it follows that the value of the 
reversionary annuity of practice is, approximately, 

a '- a M, or [a-a xy ) ( 1- | + |« 2 - &+ ...)...(!) 
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Let us now look at the question from a rather different point 
of view. We may say approximately that in consequence of the 
reversionary annuity running from the death of y only, and not 
from the end of the previous year, the value is diminished by that 
of £^ payable on the death of y, in the lifetime of x, or by 

Again, we may say in the same way that in consequence of the 
annuity being payable up to the death of x, instead of ceasing at 
the end of the previous year, its value is increased by the value of 

£^ payable on the death of x after the death of y, or by ~ A. 2_ . 

& x,]f 

Hence the correction to be applied to the ordinary formula will be 
1 a 1 A 

* x, y ** x,y 
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But since 



A2_=Aj. 

x.y 


— A i_ , this becomes 
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2 1 + i ' 



and the value of the reversionary annuity of practice is approxi- 
mately 

(«,-«,,) (i-i-n-,.) 

= (« x -«g(l-i + i 2 -&c.).... (2) 

which agrees with the former formula as far as the two first terms 
of the second factor. The conditions here supposed do not agree 
so closely with those of practice as those previously assumed; and 
the formula (1) is therefore to be considered preferable. 

Next, suppose that the reversionary annuity, instead of being 
paid yearly, is payable half-yearly ; then it is clear that exactly the 
same amount will be paid to the annuitant as before ; but in each 
year there will be two payments of ££, instead of a single payment 

of £1. Now the value of j61 due in a year, is = — . ; and the 

value of the two payments of £$, at the end of ihalf a year and a 

year respectively, is .. — + .^ — ^ . The latter value bears 

*vl + t &{\.+i) 

to the former a ratio equal to g . 

This being true of each year's payments, the value of the 
reversionary annuity payable half-yearly will be greater than that 
of the same annuity payable yearly in the same ratio; and will 
therefore be approximately 

vT+7 ' 2 
, , l + (l+«p 

=K-^)(i-i + Ai>-|^ + . ...) 

Next, if the reversionary annuity is payable m times a year, the 

k 2 
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value at the beginning of a year of the payments £ — , to be made 

7/1 

at m equal intervals during the year is 

i (v m + v m + .... +v) 



I 

m 

v m 1—v 



m i 

1—v" 



and the ratio which this bears to the value of £1 to be paid at the 
end of the year is 



i 
v m 1— v 1 1 i 



m , - v w 2. , 

l_t;m t)~l"> 1 



1 

m 



(1 +,•)"*- 1 



as I have shown in vol. xiii., p. 206. 

Hence the value of the reversionary annuity payable m times a 
year is approximately 

SSrKC 1 -^-?)^-?)--}-™ 

Here making m = 2, we get the value of the annuity when pay- 
able half-yearly 

«--?a/ 1 + i _il + il_ . . . 



N/r+7 14 16 32 

= K-«g(i-i + 1 V- 3 V + •.•■•)•■ --w 

as found above. 

Again, making m=4> the value becomes 

ax-ax, { A ,3. 5 5 ) 

^/T+Fl+S* 64,' + 128* } 

= K-«g{l-i + ^ 2 -|' 3 + ....}•... (5) 

which is the approximate value of the reversionary annuity when 
payable quarterly. 

Making m infinite, the value of the annuity supposed to be 
payable momently, becomes 
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a-—a~,r. . i i 



;a 



11+ -^ + ^7- 



*/l + i V 2 12 24 

=( ax -«g(l+^ + ~« 3 ) (6) 

The treatment of this problem by former writers does not 
appear to have been happy. In a paper by the late Dr. Young, 
reprinted in this Journal (vol. vii., p. 22), it is stated that since the 
same correction, viz. J, is applied to each of the terms in a x — a^ 
when the annuity is payable half-yearly, we get the paradoxical 
result that the value of the reversionary annuity is the same 
whether payable yearly or half-yearly. His explanation of the 
paradox is by no means clear ; and it appears to be impossible to 
conclude from his remarks what he believed to be the correct value 
of either the yearly or half-yearly reversionary annuity. 

The following explanation will, I believe, be found satisfactory. 
The reversionary annuity of which the value is a x — a xv , runs, not 
from the death of y, but from the end of the previous year, so that 
a full year's payment is supposed to be made to x at the end of 
the year in which y dies. If, however, the annuity be payable 
half-yearly, then x will receive only £ at the end of the year in 
which y dies ; and the other £ will be payable in the middle of 
that year, and will be received by y, should he be then alive, the 
chance of which, on the supposition of equal decrements, is £. 
Thus, by the alteration to half-yearly payments, x has an even 
chance of losing ^ ; or, taking the average, may be said to lose J 
payable in the middle of the year in which y dies ; and this loss 
just counterbalances the advantage (also equal to £, when referred 
to the same epoch) he derives in consequence of the payments in 
the succeeding years being made half-yearly. The value of the 
annuity thus remains unaltered under the suppositions made. 

In Vol. iv. p. 299, of this Journal, the following formula was 
given by Mr. Holmes Ivory, for the value of a reversionary annuity 
payable half-yearly for the life of x after the death of y ; 

X A_. (7) 



'*v 4 



xy 



The reasoning by which this formula was arrived at does not 
seem to be satisfactory j and the result appears to be fairly open to 
the charge brought against it by Mr. Thomas Carr (Vol. vii. p. 110), 
that it represents the annuity when payable half-yearly as costing 
less than when payable yearly. It will be found that the formula 
gives approximately the value of a reversionary annuity payabV 
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half-yearly, which runs from the death of y, but ceases with the last 
half-yearly payment prior to the death of x, not being continued to 
the day of the death of x. For, as we have seen above, the value 
of the reversionary annuity payable yearly, which runs from the 
death of y, is 

"rtrsAj (&) 

<* xy 

this annuity not being continued to the death of x, but ceasing 
with the last yearly payment which precedes that death. If now 
this annuity is made payable half-yearly, its value at the time it is 
entered upon is increased by \ ; and consequently its value at the 

present time is increased by -r A j . Adding this to (8) we get 

^ xy 

Mr. Ivory's formula; but there is no reason to suppose that he 
had in view the annuity here described. If any further proof 
were required of the accuracy of the views here expressed, it would 
be furnished by the fact that the formula given by Mr. Ivory for 
the value of a reversionary annuity payable quarterly, viz. : 

g 
a x —a xv --k j (9) 

does not admit of any similar interpretation. For it is easily seen 
that the value of the reversionary annuity, payable quarterly, which 
runs from the death of y, but ceases with the last quarterly pay- 
ment prior to the death of x, is 

(«x-«.«— o A _')+ e A — ' 

\ * x.y> ° x.y 

1 . 

= a x — a XIJ — 5 A_i. 

° x.y 

It will be seen that Mr. Ivory's formula? represent the value of 
the annuity when payable quarterly as being less than when payable 
half-yearly. 

Not having succeeded in fully understanding the drift of Mr. 
Carr's remarks, I will make no comment on them, but simply add 
that he, like Dr. Young, has omitted to give any formula? for the 
value of reversionary annuities payable half-yearly, quarterly, &c. 

It will be seen that the reasoning by which the formulae (1) 
and (3) were established, applies equally to the values of rever- 
sionary annuities purchased as an investment. If the value of 
such an annuity payable yearly during the life of x after the 
death of y — the first payment being made at the end of the year 
in which y dies, and the last at the end of the year before that 
in which x, dies -— be a; then the value of such an annuity 
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running from the death of y to the death of x is approximately 

7fyH'-* + S*-B' , +- •••)•••■; (10 > 

If, furthermore, the annuity is payable half-yearly, its value will be 



and if quarterly, 



•(•-g 



These formulae are applicable in whatever way we determine a. 
We may either with Mr. Jellicoe take it equal to 

P^- 1 "^ < 13 ) 

or we may take either of the two formulae I have explained in my 
paper On the value of Reversionary Life Interests, in the Number 
of the Journal for January last. It will be noticed however that 

we must not, under the suppositions now made, subtract ^ A _i , as 

A X y 

I have there done, so that instead of the formulae there given we 
shall have for a the formulae 

1 -1-K) 6 (14) 



P, + 4 



■6 



and l -il^+Mi\+^h (is) 

As a first approximation to the truth, which will often be quite 
sufficient, we may say that interest for half a year is to be deducted 
from these values when the annuity is payable yearly; and interest 
for one quarter, and eighth part of a year respectively, when the 
annuity is payable half-yearly and quarterly ; this interest being of 
course computed at six per cent. 

In a similar manner we may deduce the approximate value of 
any complete annuity payable half-yearly or quarterly from the value 
of the same annuity payable yearly. We have only to multiply 
this value by 

i P i 3 _ 
+ I~16 + 32 _ * * * ' 

. 3t 5i 2 5i 3 
and 1+ 8-64 + l28- 

respectively, or simply to add interest for a quarter of a year and 
three-eighths of a year respectively. 
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This simple rule applies to all annuities, whether whole life, 
temporary, deferred, or intercepted ; and whether on one life or on 
several; provided only that the annuity is complete, or a projwr- 
tionatc part is payable up to the day of the death of the life or lives 
on which the annuity depends. For, if that is the case, it is very 
easy to see that whether the annuity be payable yearly, half-yearly, 
quarterly, or more frequently, the sum of the payments to the 
annuitant will in all cases be the same, the increase in the value 
arising solely from the interest on the sums prepaid. 

This rule, however, is not strictly correct, even on the supposi- 
tion of equal decrements. Comparing the cases of yearly and 
half-yearly payments, we see that in the latter case the annuitant 
gains half a year's interest on £^ for every year through which the 
nominee lives. But in the year in which the nominee die3, there is 
only an even chance of the annuitant obtaining any advantage, 
since if death occurs in the first half of the year, there is no advan- 
tage from the half-yearly payment of the annuity; and the advantage 
when death does occur in the second half of the year is limited to 
an average gain of three months' interest on £%. The value 
given by the rule is therefore too large, and the error is approxi- 
mately equal to 

r ^r+T-i a +o»-i [ Ag 

— t 16* 128* + 512* * * • '}• 

The error will therefore generally affect the third place of 
decimals, unless A x be very small; but usually not the second 
place of decimals. 

1 will conclude this paper by finding an expression for the value 
of the annuity here considered, on the supposition of equal decre- 
ments, i.e. on the supposition that the deaths are distributed 
uniformly over each year of life. 

First suppose that the annuity is payable yearly during the life 
of a; on the anniversary of the death of y. Then considering the 
instant distant from the present time, n + t, where » is an integer 
and t < 1 ; there will be a payment of the annuity due at that 
instant if (1) x be then alive and (2) y died at the time t in any 
one of the 1st, 2nd . . . nth years. Now the probability of a; beinj 
alive at the time n + t, is, on the supposition of equal decrements, 



X • 
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Also the probabilities of y having died at the time / in the 1st, 
2nd, . . . nth, years respectively, are 

(1— J»».i)* 

(Py.i-Pv,*) dt 
(Pv.t—Pp.aW 

{Py,«-l-Pv,n)dt 

And the sum of these, »'. e. the probability of y having died at the 
time t in some one of the n years is 

Q--P v ,n)dt- 
It is, in fact, obvious that on the suppositions we have made, 
assuming y to have died within the n years, he is as likely to have 
died at any time t (<1) as at any other such time. Hence the 
probability of a payment of the annuity falling due at the time 
n + t, is 

{[l"~*)Px.n + tPs, n+l}(l —Py, n)M 5 

and the present value of the payment so made will be found by 
multiplying this quantity by v n+t , and will therefore be 

v n+t {{l-t)p x , n + tp Xi „ +l -(l-t)p xy , n -tp x p x+l .y,„}dt. 

The value of the annuity will now be found by integrating this 
expression with respect to t between the limits and 1, and 
summing it with respect to n for the values 1, 2, 3 ... to the end 
of life ; and it is immaterial which of these operations we perform 
first. 

Integrating first with respect to t, we have 

log.t; J log e » 8 (1 + «)S 

putting § for — log„w. 
Again 

f lv'dt= p — g — gj (vol. xiii., p. 359) 
1-8 

whence J(l—tydt= n+flg* ' 

Thus the result of the integration becomes 
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n i8— i'+8, . , „ «— 8 , x 

Next summing this with respect to n, for the values 1, 2, 3 . . . 
to the end of life, we have 

WPx,n+\ - -£ ~Px i 2,V n p x+l . Vl n = a x+l . y . 

So that the result of the summation is 

*S— t'+S, v , *— 8 f/1 , - N , 

(l+i)g 2 ( gj ~ g W + (1 + flg 2 * ^ *)«r— flc— /Wc+l-y} 

"■* n _i_i\S2 a *v S2 * « . • • • • v iu ; 



-(l + *)8** (l + i)S 2 "^ 8 2 />,_, 
since « x . y _, = ^fj 1 (1 + «*fi.») • 

To test this formula, suppose that the life y is replaced by cer- 
tainty ; then p y _i becomes 1 ; and a^, a x , y _\ both become a x ; and 
the formula becomes 

(1+ . } V g 2 '-a., which =0. 

This result is clearly correct, as in the case supposed the rever- 
sionary annuity is indefinitely postponed and will never be entered 
upon. 

Again, suppose the life x replaced by certainty; then a x 

v 1 
becomes v + v* + . . . ad inf. = - — -r . Also a xy is replaced by 

«„; and x "~ x by -^ , which is equal to -= — f . Hence the formula 

becomes 

i id—i+S t— 8 ,, , 

(1 + i)8 2 ~ ( 1 + «)8 2 ' tty (1 + i)S 2 ^ + ay) 

__ 1 i__ 

-(l'+i)S ("I+tjS ,fl » 

1— ia y 
~(l + i)8* 
Now by the suppositions we have made, the reversionary annuity 
has been replaced by a perpetual annuity certain running from the 

death of y, the value of which is that of - payable at the instant of 

y*s death or -?- . But on the supposition of equal decrements we 
have (as is shown by Baily) 
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A - i A - * l ~ ia * 

So that the value of the reversionary annuity certain is ,. .JL , 

which agrees with the value already found. 

Let us next consider the case when the annuity is "complete"; 
and investigate the value of the addition that is to be made to 
(16) on account of the payment up to the day of death. Suppose 
that y dies in some year at the time t, which, as before, is < 1 ; 
then the annuity is payable at the time t in each subsequent year 
during the life of x; and when x dies, a proportionate part is 
payable from the date of the last payment to the death of x. Suppose 
that x dies at the time r, reckoned (like t) from the beginning of the 
year; then there are two cases according as t is > or < t. If t > t, 
or x die after the payment of the annuity has been made in any 
year, there will be t— / payable; but if r<t, or x die before the 
payment of the annuity is made, there will be 1— t + r payable. 

First suppose t > t ; then the value of the correction, supposing 
that x dies in the rath year, and therefore at the time n—l+r 
reckoned from the present time, is 

0-*K~ ,+T (j9*,»-i -/>»•,») (1 -/>,,«)# dr 
This has to be integrated with respect to r, between the limits 
t and 1 ; then it has to be integrated with respect to t between the 
limits and 1 ; and lastly it has to be summed with respect to n 
giving it the values 1, 2, ... to the end of life. Now 

/(r-Wr^-^+fldr 

T—t V „ 

(r—t)v T dr= gj g- »— g 2 =H, suppose. 

Next integrating with respect to t 

/ M= -J-(l-J)'_- + 



/ 



nat- g3 g3 - 2S - ^ 



1 1 



(l+i)S 3 3(l + «)8 (l+t)8 2 
2e-S 2 -2S 



~ 2(1 + »)S 3 
This has now to be multiplied into 
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St, " - '(i>x, n -l-P*,n)(l -Pv.n) 
= Sr"- 1 f p x , _, -p M - P -^^ +p X y,n) 

=i-*V-(i +0(^-0- 

Thus the value of the correction when r>t becomes 

2i-S 2 -28 f. . • Ja x _ l . y \) ,._, 

Next suppose r<t; then the value of the correction on the 
supposition that x dies in the (n + 1 )th year is 

(1 -t + T )v^{p Xtn -p XtM . x ){\ -p y , n )dtdr. 
This has to be integrated with respect to r between and t ; then 
to be integrated with respect to t between and 1 ; and lastly to 
be summed with respect to n giving it the values 1, 2, .... to 
the end of life. 



First, f(l-t + r)vdr=:-(l-t + T)^+f 



v T dr 

T 

= -(l-* + r)£-J+C 



/« 1 t \ v* v* 

(l — t + r)v-dr= -y- + g2 - J ~ g 2 = K > suppose. 

Next integrating with respect to t 



t*\ t v* v* ,, 

g\ < ~2/ + 8 2 + S 2 + S § + 



f Kdt =l 

/-», 1 1 V V 1 1 

J 2B + & + & + S 3 ~&~W 



— n* + 



(l + j)8 2 (l + i)S 3 
_ (l + t)8 2 + 2g-2t 
" 2(l + i)S 3 * 

And this has to be multiplied into 

2 vtt {Px,»-Px,„+i){l-p v ,«) 

= S« M ( J p x , ffl — p x)n+l —Pwn +PxPx+\- V m) 

~ a *~\v ~P*)~ a *V+P* a x+l-V 

= -ia x - axv +(l+i) a -f=±; 
Py-\ 
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so that the value of the correction when r< t is 

(l + e)8 2 + 28-2tf . ./i.-virnl mr\ 

The total value of the correction is therefore, adding together (1 7) 
and (18), 

2»— 8 2 — 28 f, . ,. , .,(!,.!., , /, , -\ 1 

, (l+i)S 2 + 28-2i f . ./ij.ft^td) 

+ 2(l+i)8 3 t"^"^ + (1+0 ft^J 
_ 2i-8 2 -28 i 2 (2t-8»-28)(2 + Q-«8» 

_ 2(l + »)8 3 2(l + »)8' flx 2(l + i)g 3 '*■» 

2i-g 2 -28 «_,., (l+»)8 2 + 28-2i a^ (m 

~ 28 3 ' /»_, + 28 3 ' /y., • * • ^ ; 

To test this formula, suppose a: replaced by certainty, then we 
get 

2»-8 2 -28 i (2f-8 2 -28)(2 + t)-t8 2 

2(1 + i)8 3 2(l + «)S + ,2(l + i)8 3 ' av 

2i-8 2 -28 (1 + Q8 2 + 28-2J ,, , ^ 

2S 5 a » + 28 3 (l + i) ^ 1+a ^ 

which vanishes identically, as it should. 

Next suppose y replaced by certainty, then we get 

2 8 - 8*-2 8 i» (2i-8 i! -2g)(2 + i)-»g 2 



2(l+i)S 3 ■ 2(l + i)8 * T 2(1 + i)i : 

gj-g-gg (l + i)8« + 28-2i 
~ 2S 3 (l + i) ^ + a *> + ' 28" 3 "' 

which also vanishes identically, as it should. 

Adding (19) to (16) we should get a formula for the value of 
the complete reversionary annuity payable yearly; but this is so 
complicated as to be practically useless ; and no good purpose 
would be gained by investigating the corresponding formulae for 
the values of the annuity when payable half-yearly, &c. 

By a process similar to the above it may be shown that the 
value of a contingent assurance payable at the instant of the death 
of x provided y survive, or A|j, is, on the supposition of equal 
decrements, 

t8-i+8 , 2tS-2t + 28-« 2 , iB-i + S a a . y -i i-S a x -y v , 9m 

Jl+W + (l + «)8 2 °" &~ " Pr-i + > ' /,_, • * • W 
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Also that the value of an assurance payable at the instant of the 
death of the first of the two joint lives x and y, or A xtJ , is, on the 
same supposition, 

,t$-i+8 . „2i8-2i + 28-r , _ . 2i-2S-«S/« J ._,.„ . a. r 



2 (TTi)F +2 — (T+0* — ar!,+ P — \fc? + ftH' • • (21) 



On </<e Fa/ue o/" Reversionary Life Interests. By the late Griffith 
Davies, Esq., P.R.S. Communicated by Griffith Davies, 
Esq., Actuary of the Law Life Assurance Society. 

lO find the present value of a Survivorship Annuity of £1 on the 
life of A to be entered on at the death of B, supposing the pur- 
chaser to effect an increasing insurance on A's life so that the sum 
insured may correspond with the amount of his outlay (of purchase 
money, premiums, and interest) at the end of each year up to 
the average duration of the joint lives of A and B, and to be at 
the end of that period of the exact amount which the annuity 
purchased would cover the annual interest thereon, beside pro- 
viding for the premiums to keep it insured during the remainder 
of A's life. 

Let S = sum advanced as purchase money for proposed annuity. 

P = equated annual premium for requisite insurance. 
p = annual premium for the insurance of £l on A's life. 

e= expectation of joint lives. 

j = rate of interest allowed the purchaser. 

r=l + i=amount of £1. 

v=- = present worth of £1. 

d=\-v. 

D, N, M, &c, as in Table XIII. (Davies' "Tables of Life 
Contingencies," published in 1825). 

Then it is manifest that the improved amount of the purchase 
money at the end of x years =Sr x ; the improved amount of the 

Vr(r x —\\ 
premiums at the end of the same period = — — : , and con- 
sequently the sum of both which then constitutes the aggregate 

Prfr*— 1) 
outlay of the purchaser =Sr r -\ i— : , and if in this expression 

we substitute e for x we have the amount of the purchaser's out- 
lay at the end of the period which A and B may be expected to 



